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Introduction
Let R n be the real n-dimensional space and P cp,cv (R n ) be the family of all nonempty compact convex subsets of R n endowed with the PompeiuHausdorff metric H.
We consider the following Cauchy problem with respect to a set differential equation:
where U 0 ∈ P cp,cv (R n ), t 0 ≥ 0, J = [t 0 , t 0 + a], a > 0,
and D H is the Hukuhara derivative of U . The first aim of the article is to present existence, uniqueness, approximation and data dependence results for the solution for the above Cauchy 816 I.-C. Tişe problem. Secondly, the case of some functional-differential equations is also considered.
The paper is organized as follows. The second section, Preliminaries, contains some basic notations and notions used throughout the paper. The third section presents existence, uniqueness, approximation and data dependence results for the solution of a set differential Cauchy problem, which is established by a fixed point approach. In the last section the case of a functional-integral set equation is considered.
Preliminaries
The aim of this section is to present some notions and symbols used in the paper.
Let (X, d) be a metric space and denote by P cp (X) the family of nonempty compact subsets of X. As usual, the symbol B(x 0 , r) denotes the closed ball centered at x 0 ∈ X with radius r > 0.
Throughout the paper we denote by H the Pompeiu-Hausdorff metric on the family of all nonempty bounded and close subsets of X, i.e., H :
If X is a normed space then the symbol P cp,cv (X) represents the family of nonempty compact convex subsets of X and, for V ∈ P cp,cv (X), we denote V H := H({0}, V ).
Consider J := [t 0 , t 0 + a] (where a > 0) and the following equations:
is a solution of the problem (1.1)⇐⇒U satisfies (1.1) for all t ∈ J.
We consider on C(J, P cp,cv (R n )) the metrics H C * and H B * defined by:
The pairs (C(J, P cp,cv (R n )), H C * ) and (C(J, P cp,cv (R n )), H B * ) are complete metric spaces and the metrics H C * and H B * are equivalent.
For an operator T : X → X we will denote: 
Let c(X) ⊂ s(X) and Lim : c(X) → X be an operator. By definition the triple (X, c(X), Lim) is called an L-space if the following conditions are satisfied:
By definition an element (x n ) n∈N of c(X) is a convergent sequence, x = Lim(x n ) n∈N is the limit of this sequence and we shall write
In what follow we denote an L-space by (X, →).
Let X be an L-space. Then, the operator T : X → X is said to be a weakly Picard operator (WPO) if the sequence (T n (x)) n∈N converges for all x ∈ X and the limit (which may depend on x) is a fixed point of T .
If in addition the operator T is PO, then we call it c-PO.
) is a complete metric space and T : X → X is an α-contraction, i.e., α ∈ [0, 1) and d(T (x), T (y)) ≤ αd(x, y) for all x, y ∈ X, then T is a c-PO with c = 1 1−α (see Rus [5] ). b) If (X, d) is a complete metric space and T : X → X is an graphic α-contraction, i.e., α ∈ [0, 1) and d(T (x), T 2 (x)) ≤ αd(x, T (x)) for all x ∈ X, then T is a c-WPO with c = The basic result in the WPOs theory is the following Characterization Theorem.
) be a metric space and T : X → X be an operator. Then, T is a WPO (c-WPO respectively) if and only if there exists a partition of X, X = γ∈Γ X γ such that:
Another abstract data dependence result is the following.
) be a metric space and T 1 , T 2 : X → X be two operators. Suppose that:
Set differential equations
Our first result is a global existence theorem for a Cauchy problem associated to a set differential equation.
Theorem 3.1. Consider the problem (1.1), where F : [a, b]×P cp,cv (R n ) −→ P cp,cv (R n ) is a continuous operator and t 0 ∈ [a, b]. Suppose that:
Then the problem (1.1) has a unique solution U * and U * (t) = lim
is recurrently defined by the relation:
Proof. Denote J := [a, b] and define an operator G : C(J, P cp,cv (R n )) → C(J, P cp,cv (R n )) given by the formula
We will verify first the contraction condition for G. Let τ > 0 be arbitrary. Then we successively have:
Taking the maximum for t ∈ J we obtain:
Thus, the integral operator G is Lipschitz with constant L G = L τ . Choosing τ such as L τ < 1, we obtain that G is a contraction and by the Banach contraction principle the operator G has unique fixed point U * .
Moreover U * (t) = lim n→∞ U n (t) for each t ∈ J, where (U n ) n∈N is defined by (3.1).
According to Lemma 2.1 then U * is the unique solution for the Cauchy problem.
Our second main result is a local existence and uniqueness theorem for a Cauchy problem associated to a set differential equation of first order. 1 a ) and Ω ⊂ R × P cp,cv (R n ) be an open set. Let F : Ω ⊂ R × P cp,cv (R n ) → P cp,cv (R n ) be continuous. Suppose that, for each t, the operator F (t, ·) is L-Lipschitz with constant L > 0 and, for each t 0 ∈ R there exists a, b > 0 and M > 0 such that Ω a,b :
Then for all (t 0 , U 0 ) ∈ Ω there exists a unique solution for the Cauchy problem (1.1), solution defined on a neighborhood of t 0 . We shall prove that B(U 0 , b) is invariant with respect to G, i.e., if U ∈ B(U 0 , b), then G(U ) ∈ B(U 0 , b). Indeed, we have:
We will verify the contraction condition for G :
Taking the maximum for t ∈ [t o − h, t 0 + h] we get that
then G is a contraction operator. Notice that the pair (B (U 0 , b) , H B * ) forms a complete metric space and, thus, by the contraction principle, we obtain that G has a unique fixed point U * ∈ B(U 0 , b). This fixed point is, by Lemma 2.1, the unique solution in B(U 0 , b) for our Cauchy problem.
By the Characterization Theorem for the weakly Picard operator we have:
is a WPO; 2. the solution set S of the equation (1.1 a ) is infinite.
Proof. Let G : C(J, P cp,cv (R n )) → C(J, P cp,cv (R n )) be defined as
Notice first (see also Lemma 2.1) that F ix(G) = S, where S denotes the solution set of the equation (1.1 a ) .
On the other hand, by the Characterization Theorem, we have that G is a WPO. Indeed, if we define
which are closed subsets of C(J, P cp,cv (R n )), then we have:
1. X Λ ∈ I(G); 2. X = Λ ∈ P cp,cv (R n )X Λ is a partition of C(J, P cp,cv (R n )); 3. for each Λ ∈ P cp,cv (R n ) the operator G| X Λ is Picard (by Theorem 3.1), having a unique fixed point.
Proof. Consider the operator, A :
A(X)(t) := G(t, Q(X)(t), X(t), X(a)) + t a K(t, s, X(s))ds.
Let Λ ∈ P cp,cv (E) and
From (5) we have that X λ ∈ I(A).
From (1)- (5) it follows that
is a contraction and, thus, A Λ is c-Picard operator for each Λ ∈ P cp,cv (E), with c :=
From the Characterization Theorem 2.1 we have that the operator A is a c-WPO. Now notice that, since S = F ix(A), we immediately obtain that card(S) = card(F ix(A)) = card(P cp,cv (E)), which is infinite.
Using the above theorem and the abstract data dependence result (Theorem 2.2), we obtain a data dependence theorem for the above equation. 
where the operators G 1 , G 2 , Q 1 , Q 2 , K 1 , K 2 satisfy the conditions 1-5.
Let S 1 be the solution set of the equation (4.2) and S 2 be the solutions set of all equation (4.3). We suppose that there exist η 1 , η 2 , η 3 > 0 such that:
) and
where
τ , i ∈ {1, 2}. Proof. Notice that, from the above proof, the operators A 1 and A 2 , generated by the right hand side of the equation (4.2) For the final part of this section, we will move our attention to a set functional-integral Cauchy problem arising in biomathematics. Let Let Y := {V ∈ C([0, T ], P cp,cv (R))|V (t) ⊆ R + , V (0) = ϕ(0)}. Then, we will prove: (i) For all X ∈ Y we have AX ∈ Y . Indeed, for X ∈ Y we have
